Rayleigh damping model, which is still adopted by many general finite element programs and widely used in analysis of engineering, leads to the inconformity of the calculating modal damping ratio with the actual modal damping ratios. The appropriate Rayleigh damping matrix is significant for accurate dynamic response analysis of complicated field. This paper establishes a dual parameter optimization theory for calculation of Rayleigh damping coefficients. The functional relation between the relative error of dynamic response and Rayleigh damping coefficients is established based on CQC method. By taking the square sum of the errors of peak value of displacement and the error of peak value of acceleration at the multiple points (DOF) of the surface of the complex site as the control objective, the equations for solving Rayleigh damping coefficients are obtained based on the principle of minimizing the control objective. Then, as an example, the seismic response of a valley under the excitation of 28 representative seismic waves which are randomly selected is calculated and the error due to Rayleigh damping model is analysed. The numerical result verifies the accuracy and applicability of the proposed method.
INTRODUCTION
Direct time integration is an important analysis method in seismic response analysis, especially when nonlinearity is involved. A number of procedures are available for the modelling of damping in time-domain analysis. Viscous damping is routinely assumed, and Rayleigh damping is a popular choice (the main reasons being that Rayleigh damping preserves the undamped natural modes of the system as discussed below and, sometimes, that most finite element codes offer few other models to choose from). It is generally acknowledged that there is little physical evidence to support Rayleigh damping. Many real systems encountered in civil engineering practice display hysteretic damping which is largely independent of frequency [1] . Modal damping, which is constant for all frequencies, is the damping typically specified in seismic analysis Codes and Standards [18, 19] . On a more fundamental level, it can be shown that the mass-proportional damping matrix does not remain invariant under a Galilean transformation as it must do to comply with the classical principle of relativity [2] . Despite these limitations, Rayleigh damping can and has been used as a heuristic, as opposed to strictly physical, attenuation mechanism.
When Rayleigh damping is specified, the damping matrix   where  and  are real scalars, called Rayleigh damping coefficients. Rayleigh damping belongs to the group of classical damping models: this implies that the damping matrix satisfies an orthogonality condition:
where i  and j  are the undamped natural frequency and modal shape of mode i and i  is the modal damping ratio of mode i , which for Rayleigh damping is given by the familiar formula:
Rayleigh damping coefficients,  and  , can be determined by selecting the two reference modal frequencies ( j  and k  ) of the dynamic system and the corresponding modal damping ratios ( j  and k  ). Thus, except the two selected reference modes, the modal damping ratios of the other modes calculated by the Rayleigh damping matrix are inconsistent with the actual modal damping ratios, and the contribution of these modes to the dynamic response of system is either overestimated or underestimated, which deviates the calculation result of dynamic response of system.
Rayleigh damping matrix is widely used in engineering calculation and research. However, there is lack of deep understanding of the influence of Rayleigh damping matrix on the numerical calculation of dynamic response of system, mainly because the fundamental frequencies of a large number of engineering structures in the past are higher or close to the frequency of the main component of the external dynamic excitation and the low-order mode of the system plays a major role in the total dynamic response of the system. Therefore, two low-order modes of the system are usually selected to establish the Rayleigh damping matrix, as at this time, the calculated damping ratio of low-order mode is equal to the actual damping ratio, and thus the calculation error caused by Rayleigh damping matrix is relatively slight. The study done by Hashash et al. [3] and Lou et al. [4] show that when the fundamental frequency of the system is much lower than the frequency of the main component of the external dynamic excitation, if only the frequencies and damping ratios corresponding to the two low-order modes of the system are selected to calculate  and  , the dynamic response of system will be underestimated. Considering that, some researchers [5, 6] have proposed methods to reconstruct the damping matrix on the base of extensional Rayleigh damping matrix. However, this modification led to the abandonment of the proportional property of classical damping. What demands urgent solution is that Rayleigh damping matrix is still adopted by many general finite element programs [7] and widely used in analysis of engineering [8] . Meanwhile, little specific guidelines or evaluation criteria are presently available to guide engineers or analysts for such an important selection. Thus, the selection of Rayleigh damping coefficients, which is worthy of a deeper study, but not the reconstruction of Rayleigh damping matrix, is the purpose of this paper.
In order to improve the calculation error due to Rayleigh damping matrix, some scholars [1, 7, 9, 10] choose the specific frequencies (and their corresponding damping ratios) of the system or seismic wave to calculate  and  . These specific frequencies include the fundamental frequency of the dynamic system, high-order modal frequency which has a significant contribution to the dynamic response of system, the frequency corresponding to the peak or the barycenter of the response spectrum (or Fourier spectrum) of the external dynamic excitation, and the characteristic frequency of the site, etc.
With a purpose to avoiding arbitrarily and empirically choosing the reference mode in establishing Rayleigh damping matrix, the standard least-squares method, a widely used mathematical method, is used to determine Rayleigh damping coefficients [11] . Yang et al. [12] H H F  (where i H is the amplitude of frequency response function corresponding to mode i , i H  is the amplitude of the derivative of frequency response function corresponding to mode i to modal damping ratio, and i F is the amplitude of Fourier spectrum of external dynamic excitation acceleration corresponding to mode i ) as the weighting coefficient. These are dual parameter optimization methods. Dong et al. [15] and the author of this paper [16] introduced respectively the first-order mode of the system to propose a single-parameter optimization method. In addition to the weighted least squares method, Spears et al. [17] proposed making
A is the maximum acceleration response of the SDOF system corresponding to mode i ) equal to zero (or slightly greater than zero) as the objective, and solving  and  by iterative method.
Major engineering structures generally require seismic response analysis of the complex site. Meanwhile, the fundamental frequency of site with deep deposit is often low. For example, the thickness of the soil layer in Shanghai (China) is about 300 m and its fundamental frequency is about 0.5 Hz, much lower than the frequency of the main component of most of seismic wave from bedrock. To accurately calculate the seismic response of such site, Rayleigh damping matrix must be properly established in the first place. However, there are some drawbacks, if the aforementioned methods were adopted in seismic analysis of the complex site, as follows: ①
Because the response at only one degree of freedom (DOF) can serve as the control objective, these methods are only applicable to horizontally stratified soil site which can be usually simplified as soil column. When they are applied to complex site, the contribution ratio of each mode to DOF is inconsistent, which is related to ki  . When the error of dynamic response at one DOF is taken as the control objective, there is the possibility that the error of dynamic response at DOF is not slight ② These methods only select one kind of dynamic response as the control objective, while the contribution ratio of each mode to different dynamic responses is varied, which is related to ri S (where ri S is the dynamic response of the SDOF system corresponding to mode i ). In these methods, only the error of one kind of dynamic response is selected as the control objective, which may lead to non-negligible errors of the other kinds of dynamic response ③
The calculation error is not small enough for engineering practice. Therefore, on the basis of the previous study, this paper establishes a dual parameter optimization theory for calculation of Rayleigh damping coefficients (  and  ). By taking the square sum of the error of peak value of displacement and the error of peak value of acceleration at the multiple points (DOF) of the surface of the complex site as the control objective, the equations for solving Rayleigh damping coefficients are obtained based on the principle of minimizing the control objective. Then, as an example, the seismic response of a valley under the excitation of 28 representative seismic waves which are randomly selected is calculated and the error due to Rayleigh damping model is analysed. The numerical result verifies the accuracy and applicability of the proposed method. 
DUAL PARAMETER OPTIMIZATION THEORY FOR RAYLEIGH DAMPING COEFFICIENTS
Under the input of consistent ground motion, the vibration equation of multi-degree-offreedom (MDOF) system can be expressed as:
where:   ) can be expressed as:
S  is the maximum dynamic response of the SDOF system corresponding to mode i , and here the dynamic response can be displacement, velocity, acceleration or others.
Based on complete quadratic combination (CQC) method, the maximum dynamic response of the th k DOF ( max k r ) can be expressed as:
where:
ij  is the coupling coefficient of mode i and mode j and n is the total number of degree of MDOF system. When   ri i S  is expanded by the first-order Taylor series at the accurate damping ratio of mode i , it can be found as follows:
where: 
Based on CQC method, the absolute error of 
When the displacement ( u ) or the acceleration ( a ) is selected as the dynamic response,   ri i S  can be expressed as:
is the damped circular frequency of mode i , and 2 arctan 1
is the phase angle of mode i . By substituting the Equation (3), Equation (11) and Equation (12) into Equation (10) 
where: m is the total number of all points (DOF) of interest in the analysis.
To get the minimum value of 2 e , the partial derivative of 2 e with respect to  and  set to be zero, and the equations for solving  and  can be obtained: 2   11  11  12  12  13  13  1  1  1   2   21  21  22  22  23  23  1 1
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MODEL ANALYSIS
To investigate the validity and accuracy of the proposed method, the finite element model of a valley was established and the seismic analysis was done.
The valley and its finite element model
The span of the valley is 500m. The slope of the left bank of the valley is 8.3%, and the slope of the right bank of the valley is 12.0%. The specific size of the valley is detailed in 0. 0 shows the parameters of each soil layer of the site. The fundamental frequency of the site is 0.76Hz.
A commercial software product for finite element analysis, ANSYS, is used to establish the two-dimensional finite element model of the valley and PLANE42 element is used to model soil body. This paper studies the linear problem without any consideration on the nonlinear characteristics of the soil. Fixed constrains are applied at the bottom of the soil to simulate rigid bedrock where the seismic waves come. In view of the radiation damping of semi-infinite space, the horizontal scope of soil is set large enough, extending 5H long from valley scope, being 
Seismic wave
The seismic inputs include 25 ground motion records from bedrock with different epicentral distances and 3 artificial seismic waves with different exceedance probabilities. Because this paper studies linear problem, the peak values of all seismic waves are set to be 1 for comparative analysis. 0 shows the information of the seismic waves. 0 shows the acceleration time history and response spectrum of seismic wave (given space limitations, this paper only shows TMZ-000 seismic wave). 
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Calculation method for Rayleigh damping coefficients
The proposed method in this paper is adopted to calculate the Rayleigh damping coefficients (termed as M4) and the controlled points (DOF) choose A, B, C, D, E, a total of 5 points (0). In addition, the Rayleigh damping coefficients are calculated using the new methods recommended by Lou [9] , Pan [13] , and the author in a previous work [16] for comparison. These methods are termed as M1, M2, and M3, respectively.
Numerical result
To measure the calculation error caused by Rayleigh damping model, the accurate solution of seismic response analysis is obtained by using the modal superposition method and the modal damping ratio of each mode is assumed to be 5% The modal damping ratio of each mode is assumed to be equal, which is widely used in seismic response analysis [9] . The rationality of this assumption is not the focus in this paper, but the proposed method in this paper is not limited to this case, which is applicable when the modal damping ratio of each mode is not equal.
The 
where, * max r is the maximum dynamic response (displacement, velocity or acceleration) corresponding to the accurate damping, which is calculated by using modal superposition method, and max R r is the maximum dynamic response corresponding to the Rayleigh damping when the Rayleigh damping coefficients is calculated by using the methods advocated Lou [9] , Pan [13] , and the author [16] and this paper. 0 shows the two reference frequencies for calculation of Rayleigh damping coefficients, 0 shows the relative errors of peak values of displacements, velocities and accelerations at points A, B, C, D, E which are caused by Rayleigh damping. 0 shows the mean and standard deviation of the relative error ( e ). 
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.14311/CEJ.2019.03.0034 433 that concluded by using M3 (the former is 15.9% and the latter is 14.8% ), while, considering the error distribution in 0, the errors of acceleration are basically the same, but the errors of displacement and velocity are greatly amended. From 0 and 0, it can be found that among the four methods adopted in this paper, M2 leads to the smallest error of the peak value of displacement (basically within the range of 5%  ), and the smallest standard deviation of error which means the best applicability. If only the displacement of the site is concerned, it is recommended to use this method. The proposed method in this paper (M4) has the smallest error of the peak value of velocity (basically within the range of 5%  ), and the smallest standard deviation of error which means the best applicability. This method is recommended if only the velocity of the site is concerned. M3 and the proposed method in this paper (M4) have the slightest error of the peak value of acceleration (basically within the range of 10%  ), and the smallest standard deviation of error which means the best applicability. If only the acceleration of the site is concerned, these two methods are the recommended choices.
Taken together, when the displacement, velocity and acceleration are all considered in the analysis, the proposed method in this paper (M4) has the highest accuracy and best applicability (the displacement and velocity errors are basically within the range of 5%  and the acceleration error is basically within the range of 10%  ).
CONCLUSION
This paper establishes a dual parameter optimization theory for calculation of Rayleigh damping coefficients. Firstly, the functional relation between the relative error of dynamic response and Rayleigh damping coefficients is established based on CQC method. Secondly, by taking the square sum of the errors of peak value of displacement and the error of peak value of acceleration at the multiple points (DOF) of the surface of the complex site as the control objective, the equations for solving Rayleigh damping coefficients are obtained based on the principle of minimizing the control objective. Then, as an example, the seismic response of a valley under the excitation of 28 representative seismic waves which are randomly selected is calculated and the error due to Rayleigh damping model is analysed. The numerical result verifies the accuracy and applicability of the proposed method. Taken together, when the displacement, velocity and acceleration are all considered in the analysis, the proposed method in this paper has the highest accuracy and best applicability (the displacement and velocity errors are basically within the range of 5%  and the acceleration error is basically within the range of 10%  ). Major engineering structures generally require seismic response analysis of the complex site. The fundamental frequency of site with deep deposit is often low, much lower than the frequency of the main component of most of seismic wave from bedrock. At this time, the proposed method in this paper can provide a good accuracy for calculation.
